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Signal Processing
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material for the course:

textbook class notes


lectures

lecture slides


lecture recordings



6.003 Signals and systems
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Time continuous signal Time discrete signal



Some visual areas…

From M. Lewicky



Signals and systems
Input Output

One important class of systems is the set of linear systems. 


A function f is linear if it satisfies: 

f(x + y) = f(x) + f(y)

f(αx) = αf(x)



Linear system:

A linear function f can be written  
as a matrix multiplication:

y x

y = f(x)

h [n, k]

n indexes rows, 
k indexes columns



Linear system:

A linear function f can be written  
as a matrix multiplication:

y x

y = f(x)

x
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…
…

It can also be represented as a fully 
connected linear neural network

h [n, k]

n indexes rows, 
k indexes columns

h [n, k]

h [n, k] Is the strength of the connection 
between x[k] and y[n]



Linear system:

A linear function f can be written  
as a matrix multiplication:

y x y [n] =
N−1

∑
k=0

h [n, k] x [k]

y = f(x)

x
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…
…

It can also be represented as a fully 
connected linear neural network

h [n, k]

n indexes rows, 
k indexes columns

h [n, k]

h [n, k] Is the strength of the connection 
between x[k] and y[n]



Images are turned into column vectors  
by concatenating all image columns 

4x4 image

Column vector of length 16



Some square matrix
=

4x4 image



Quiz: what operation is linear?



Quiz: what operation is linear?

Rotation

Scaling

rgb2gray

Defocus

A

B

C

D



We need translation invariance
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Convolutional Neural Networks
• Neural network with 

specialized connectivity 
structure

LeCun et al. 1989



Convolution

=

The same weighting occurs within each window

Input Image Output Image



Convolution: running example
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0 0 0 0 0 0 0 0

x



Convolution: running example

0 0 0 0 0 0 0 0

0 0 0 0 0 1 1 0

0 1 1 1 1 1 1 0

0 1 1 1 1 1 1 0

0 1 1 1 1 1 1 0

0 0 1 1 1 0 0 0

0 0 1 1 1 0 0 0

0 0 0 0 0 0 0 0

Convolution kernel

-1 -2 -1

0 0 0
1 2 1

x



Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example

0 0 0 0 0 0 0 0

0 0 0 0 0 1 1 0

0 1 1 1 1 1 1 0

0 1 1 1 1 1 1 0

0 1 1 1 1 1 1 0

0 0 1 1 1 0 0 0

0 0 1 1 1 0 0 0

0 0 0 0 0 0 0 0

1 2 1

0 0 0
-1 -2 -1

Convolution kernel -3 -4

=

x y

-1 -2 -1

0 0 0
1 2 1



Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution: running example
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Convolution vs cross-correlation
Convolution

Cross-correlation

In the convolution, the kernel h is inverted left-right and up-down, while in the cross-correlation is not
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Convolution Cross-correlation



Quiz: what operation is the result of a convolution?



Quiz: what operation is the result of a convolution?

Rotation

Scaling

rgb2gray

Defocus

A

B

C

D



Examples



Defocus/blurring

Computes the local average over windows of size 5 x 5 pixels



Examples



Examples



Examples



Examples



Examples



Examples



Examples



Examples

It can not be implemented as a convolution



Convolution as matrix multiplication

O =

 In the 1D case, it helps to make explicit the structure of the matrix:
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Linear translation invariant system:

A LTI function f can be written  
as a matrix multiplication:

y x x
<latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit> y

<latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit>

It can also be represented as a  
convolutional layer of neural net:

n indexes rows, 
k indexes columns h [n − k] Is the strength of the connection 

between x[k] and y[n]

h [−1]
h [0]
h [1]

h [−1]
h [0]
h [1]

h [1]
h [0]

h [−1]

h [n − k]

y [n] =
1

∑
k=−1

h [k] x [n − k]



Rectangular filter
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⊗
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Rectangular filter

€ 

⊗

g[m,n]

h[m,n]

=

f[m,n]



The identity



A shift
2 pixels

(using zero padding)



Examples



Handling boundaries

63



Handling boundaries
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11x11 ones

=

Zero padding



Handling boundaries

65

In
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X

Y

Z

Edge normals

Edge strength

3D orientation

Depth discontinuities

Contact edges

Image transformations

Input image

1. From pixels to edges

2. From edges to geometric 
primitives



Linear image transformations

In analyzing images, it’s often useful to make a change of basis.

    Fourier transform, or

  Wavelet transform, or

Steerable pyramid transform

Vectorized image
Transformed image

=

67



Fourier series

68

With

One of Fourier’s original examples of sine series is the expansion of the ramp signal:

The result of this series approximates the ramp with increasing accuracy as we add  
more terms.



Fourier series as change of representation

69

It is useful to think of the Fourier series of a signal as a change of representation. Instead of 
representing the signal by the sequence of values specified by the original function f(t), the same 
function can be represented by the infinite sequence of coefficients (a_n).



F[u] =
N−1

∑
n=0

f[n] exp (−2πj
un
N )

The Discrete Fourier transform
Discrete Fourier Transform (DFT) transforms a signal f [n] into F [u] as:

70

The inverse of the DFT is:

f[n] =
1
N

N−1

∑
u=0

F[u] exp (2πj
un
N )

The signal f [n] is a weighted linear combination of complex exponentials 
with weights F [u]



F[u] =
N−1

∑
n=0

f[n] exp (−2πj
un
N )

The Discrete Fourier transform
Discrete Fourier Transform (DFT) transforms a signal f [n] into F [u] as:

71

Discrete Fourier Transform (DFT) is a linear operator. Therefore, we can write:

Lets visualize the  
transform coefficients

? ? ? ? ? ? ? ? … ?

F f

NxN array

n
u

= exp (−2πj
un
N )



Visualizing the Fourier transform

72

exp (α j) = cos(α) + j sin(α)

F[u] =
N−1

∑
n=0

f[n] exp (−2πj
un
N )

cos (2π
un
N ) − j sin (2π

un
N )

For: 
   u=1 
   N=16

Real

Imag

n=0

n=1

n=2

n=3
n=4

5

6

7

8

9

10
11

12

13
14

15



Visualizing the transform coefficients

exp (−2πj
un
N ) For  N=16

Real

Imag

F f

16x16 array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

…



F[u] =
N−1

∑
n=0

f[n] exp (−2πj
un
N )

The inverse of the Discrete Fourier transform
Discrete Fourier Transform (DFT):

74

Its inverse:

F f

NxN array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

…

f F

NxN array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

…

f[n] =
1
N

N−1

∑
u=0

F[u] exp (2πj
un
N )



Input video

Google technology:  Looking to Listen

uses Fourier transform representation for audio (overlapping short-time Fourier transforms of audio signal)



Google

Teaser for neural network algorithms we’ll discuss later in class:  
“Looking to Listen” processes audio in the spectral domain to separate speakers

STFT

Dilated convolution 
network

Face

	Embeddings

Face

	Embeddings

tim
e

Freq.

Shared weights

1024

tim
e

Speaker #1

Input audio

Speaker #N

Complex
masks

Only Speaker #1

Only Speaker #N



Only the driver

Looking to Listen processing result



F[u] =
N−1

∑
n=0

f[n] exp (−2πj
un
N )

For images, the 2D DFT
1D Discrete Fourier Transform (DFT) transforms a signal f [n] into F [u] as:

78

2D Discrete Fourier Transform (DFT) transforms an image f [n,m] into F [u,v] as:

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f[n, m] exp (−2πj ( un
N

+
vm
M ))



Visualizing the 2D DFT coefficients

79

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f [n, m] exp (−2πj ( un
N

+
vm
M ))

F f

256x256 array

n=0
u=0

=

n=255

u=255

…

For N=M=16



A remarkable property of Fourier transform

g [m,n] f [m,n]
h [m,n]

In the spatial domain, the output of f is the convolution:

In the frequency domain:

h [m,n]

Terminology:
Impulse response:

Transfer function:



Dual convolution property

81

The Fourier transform of the convolution is the product of Fourier transforms

The Fourier transform of the product is the convolution of Fourier transforms



Visualizing the image Fourier transform

82

 Using the real and imaginary components:

Or using a polar decomposition:

The values of F [u,v] are complex.

Amplitude Phase

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f[n, m] exp (−2πj ( un
N

+
vm
M ))



83

n

m

u

v

u

v

u

v

u

v

Visualizing the image Fourier transform
f [n, m] F[u, v]



Simple Fourier transforms

84

DFT (amplitude)

64x64 pixels

Image

n

m

u

v

u0

-u0

v0

-v0



85
Images are 64x64 pixels. The wave is a cosine, therefore DFT phase is zero.

Simple Fourier transforms



Some important Fourier transforms

86

Image

n

m Magnitude DFT Phase DFT

64x64 pixels



Some important Fourier transforms

87

Image

n

m Magnitude DFT Phase DFT

64x64 pixels



Some important Fourier transforms and properties

88

Image

Translation
Shifts of an image only 
produce changes on the 
phase of the DFT.

Magnitude DFT Phase DFT



Some important Fourier transforms and properties

89

Image Magnitude DFT Phase DFT

Scale
Small image details 
produce content in high 
spatial frequencies



Some important Fourier transforms and properties

90

Image Magnitude DFT Phase DFT

Orientation
A line transforms to a line 
oriented perpendicularly to 
the first.



The DFT Game: find the right pairs

A B C

1 2 3

fx(cycles/image pixel size) fx(cycles/image pixel size) fx(cycles/image pixel size)

Images

DFT 
magnitude

91
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The DFT Game: find the right pairs

(Solution in the class notes)



Phase and Magnitude (even though we just finished matching images based 
on FT magnitudes, we should point out that phase is also very important)

93

Each color channel is processed in the same way.



The inverse Discrete Fourier transform

How does summing waves ends up giving back a picture?
94

2D Discrete Fourier Transform (DFT) transforms an image f [n,m] into F [u,v] as:

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f[n, m] exp (−2πj ( un
N

+
vm
M ))

The inverse of the 2D DFT is:

f[n, m] =
1

NM

N−1

∑
n=0

M−1

∑
m=0

F[u, v] exp (+2πj ( un
N

+
vm
M ))
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28743
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49190.
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 65536.
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3

Now, an analogous sequence of images, but selecting 
Fourier components in descending order of magnitude.
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DFT

DFT-1
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DFT

DFT-1


